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Stochastic LQR

For random noise wy,

@ The dynamics is given by
Xt+1 = AXt + BUt + wt

@ The cost is given by

N—-1

J= ]E[Z(xtT Qx: + u; Rut) + xy Qexn]
t=0

where the expectation is taken over all noises.

A goal is to find the control sequence ui, ..., uy—1 minimizing the cost.



Bellman's Equation for stochastic LQR

Let us begin by defining

N—-1
Vi(z) = . m;ri 1E‘ [ E (xIka + u{Ruk) +xLQf.rN T = zj|
i k=t

with Viy(z) = z" Qrz as before. Deduce that
VNfl(z)

min
u

2'Qz+u Ru+E {(Az + Bu+w)"Qp(Az + Bu + w}D

<E
B

(zTQz +u"Ru+ (Az + Bu)TQ;(Az + Bu) + E[ZwTQf(Az + Bu) + wTwaD
min (zTQz +u"Ru+ (Az + Bu)TQ(Az + Bu)) + E[mwTQ,w)]

= min (ZTQz +uTRu+ (Az + Bu)TQs(Az + Bu)) + Tr(Qf%w)

= 2T (ATQ;A+Q— ATQB(BTQsB + R) ' BTQ;A) 2 + Tr(Qs %),
One can infer that

Vi(z) = 2z Piz4r



Bellman's Equation for stochastic LQR

Substituting V¢(z) = z ' Piz+re,
Vi—1(z) = min (ZTQZ +u"Ru+E|(Az 4+ Bu+w)"P(Az + Bu+w) + rt])
= min (zTQz +u"Ru+ (Az + Bu) " By(Az + Bu)) +E {Tr(wTth)} +

= min (zTQz +uTRu+ (Az + Bu)TR(Az + Bu)) + Te(PSy) + 7

=:T(ATRA+Q - ATRB(BTRB + R) '\BTRA) s + Te(P.Su) + 1.

As a result,

Py =@Qy

TN = 0
P=ATP A+Q—- AP, \B(BTP,. B4+ R)"'BTP A fort=N—-1,...,0
K,=—(B"P.,,B+R)'B"P,A fort=N—-1,...,0
re =1 + Tr(Pep12y) fort=N-1,...,0




Infinite horizon LQR

We want to optimize

. 1

lim NE (xt-r Qx: + u: Rue) + x,:,r Qrxn
=0

subject to xe+1 = Axe + Bur + we, with x(0) = xo has a finite value if the
system does not grow rapidly. Otherwise, the cost will be infinity.

Theorem

Assume (A, B) is controllable and (A, /@) is observable. Then, there exists
positive definite matrix P such that lim:_, .. P+ = P solving the Riccati
equation:

P=A"PA+ Q- A"PB(B"PB+R) 'B"PA.

Moreover, the spectral radius of A+ BK is strictly less than 1 where
K = —(BPB + R)"'BT PA.




Learning infinite horizon LQR

What if A and B are unknown? our goal is to design an algorithm that can
learn the unknown system parameters minimizing the regret.



Problem setup

Consider a linear stochastic system of the form
Xey1 = Axe + Bur +we, t=1,2,...,

with cost

J1(6) = lim sup %Eﬂ {é (i, ut):|.

T—o0

Then of our interest is how we can minimize the regret:

T
R(T) =Y (e~ 1),

t=0

where J, is the infimum over all policies.



Various approaches

o Force exploration : Regret can have strong worst-case regret
@ OFU : Construct high-probability confidence set and optimize in the set.
Frequentist regret O(ﬁ) yet computationally unfavorable.
© Abbasi-Yadkori (2011)
@ Abeille (2020) - Lagrange relaxation
@ Beyesian : Only keep track posterior (with belief) and obtain expected
regret. O(v/T) is achieved.

© Ouyang (2019) - unverifiable set
@ Abeille (2018, 2020) - 1D
© Kargin (2022) - extension to high dimensional space



Assumption and notation

@ Let us define
-
©:=[6(1) --- o] :=[A B] ,
with vectorization 6 and z; := (x, ut), hence,
Xet1 = 9T2t + we

@ Subgaussian noise (Abbasi-Yadkori, 2011)

We know that optimal action is something like us = Kx;. However if bad K is
chosen, x; = (A + BK)'xo will blow up.



Feasible set

We assume that the unknown system parameter ©., is contained in

SC SN {@ € R+ | trace(070) < 52} ,
where
S = {9 = (A, B) eR™ () | (4, B) is controllable,

, is observable, where Q) = .
A, M) is observable, where Q = M M

The condition implies (A, B) is stabilizable, i.e., there exists K such that

p(A+BK) <1



Optimality and stability

When (A, B) is stabilizable,

@ The Riccati equation has a unique positive semidefinite solution P, i.e.
P(6) = Q+ATP(O)A—ATP(O)B(R+ BTP(6)B)*B' P(0)A.

o The gain matrix K(8) := —(R + BT P(6)B) BT P(#)A statbilizes the
system parameter.

@ The optimal cost is given by
J(0) = tr(WP(9)),

whrere W is the covariance matrix for noise distribution



Construction of confidence sets

@ Using the least square as before

t—1
e(©) = Atrace(©0) + Y _ trace((@s+1 — O 25)(z541 — O 25) ).
s=0

whose solution is given by

O, = argmin e(©) = (Z' Z+\)"'Z" X,
S}

o Let Vi =M+ Z, o 2z be the regularizaed design matrix underlying the
covariates. Define

1/2 —1/2
Be(8) = nL\/2 log <det(Vt) ;et()\l) > +A/2g




Construction of confidence sets

Then, for any 0 < & < 1, with probability at least 1 — 4,
trace((6; — ©.) TVi(6; — 6.)) < B:(9).
In particular, P (0, € Ci(d),t=1,2,...) >1— 4, where

Cy(5) = {@ € R™*Fd) . trace {(@ —0,)Tvy(6 - ét)} < ﬂt(é)} .

Now we choose optimal parameter as

~ 1
< i =
IO < eeclﬁg)ns J@)+ Vit



OFU algorithm

Inputs: 7,5 > 0,6 > 0,Q,L,A > 0.
Set Vo = Al and ©g = 0.
(Ao, By) = ©g = argmingec,s)ns J (O)-
fort:=0,1,2,... do
if det(V;) > 2det(Vp) then
Calculate ©; by (2).

Find ©; such that J(6;) < infece,()ns J(©) + %
Let Vo =V;.

else
ét = étfl.

end if

Calculate u; based on the current parameters, u; = K (ét)wt.
Execute control, observe new state zy;1.
Save (z;,t11) into the dataset, where 2 = (z/,u/).
Vig1 =V + ztth.
end for




Regret analysis

Theorem 2 For any 0 < § < 1, for any time T, with probability at least 1 — &, the regret
of Algorithm 1 is bounded as follows:

R(T)=0 (\/Tlog(l/(i)) ;

where the constant hidden is a problem dependent constant.?

@ Optimization is computationally unfavorable
o It is a frequentist regret (no expectation)

@ log(1/4) is annoying !



Bayesian regret via Thompson sampling

@ What is Thompson sampling : sample from the posterior distribution,
choose an optimal action believing it is optimal

@ Successful in many settings, bandit, MDP, ...

o Caveat is "how to sample?’



Posterior update

Assume w; follows Gaussian. Let z: := (x:, ur) € R?. Then, the system
equation can be expressed as

Xt41 — @th = W ~ Pw,
which implies that
p(xe+1|zt, 0) = pw(Xes1 — @th|zt, 0),
The posterior at (t + 1)-th time step is given by

P(0lhei1) o< p(xeta|ze, 0)p(6]h:)
= pu(xes1 — ©" ze|z, 0)p(6]he).



Posterior update - Gaussian

'Posterior Sampling-based Reinforcement Learning for Control of Unknown
Linear Systems’ by Ouyang (2019)

Suzn(@er (i) — 0u() )
1+ 2 Bize

Ber1(3) = 6.(3) +

P ZtT PP

% =3 ——
b+l ¢ 1+thEtzt



Algorithm

Algorithm 1 PSRL-LQ

Input: 4, 91,21
Initialization: ¢ < 1, tx < 0
for episodes k =1,2,... do
Th 1+ t—1tg
tr —t
Generate ék ~ Lt
Compute G = G(6%) from (6)-(7)
while ¢ < t; + T—1 and det(X;) > 0.5det(Z,, ) do
Apply control u; = Gz
Observe new state T4 1
Update p441 according to (15)-(16)
t+—t+1




Theorem (Ouyang (2019))

The expected regret is upper bounded by

VT log(T)
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How do we choose the prior?

@ Assume that there exists 21 such that there exists § < 1 satisfying
A« +B.K(O) <p<1

forall § € Q

o Stabilizatoin through random actions are discussed in two papers by M.
Faradonbeh in series of works;

@ Finite Time Adaptive Stabilization of Linear Systems (2019)
@ On adaptive linear—quadratic regulators (2020)



More questions..

@ Can we allow general class of admissible sets while obtaining the same or
better regret?

@ Can we deal with more general class of noises?



Langevin Monte Carlo

Consider the problem of sampling from a probability distribution with density
p(x) e Y where the potential function U : R™ — R is continuously
differentiable. The Langevin dynamics takes the form of

dX: = —VU(X;)dt + V2dB:,

The potential U is m-convex and L-smooth, that is,

m=<VU=L

In a continuous regime, the convergence is well-established.
@ For a functional,
F:p Di(plle™”),
8pt
— = —grad F
Pt~ —grad F(pr)

o Convergence is exponential.



Sampling via Unadjusted Langevin Algorithm

@ For implementation, we need discretization in time.

@ Apply the Euler-Maruyama discretization to the Langevin dynamics and
obtain the following unadjusted Langevin algorithm (ULA):
X = X; = VU(X)) + /29 W,

where (W;)j>1 is an i.i.d. sequence of standard ny-dimensional Gaussian
random vectors, and (v;);j>1 is a sequence of step sizes.

@ X; can be used as a sample after enough iterations.



Convergence of ULA

Theorem

Suppose that pdf p(x) o e~ Y s strongly log-concave and Lipschitz smooth

with respect to x, i.e., Amin = V2U(X) =< Amax for some Amax, Amin > 0. Let step
size ( ) )
>\min V U
=y = 2\ S
i 0 ( )\max(vz U)2 )7

and the number of iterations N

>\max 2
N=0 .
(( )\min ) >
Given Xo = arg min U(x), let pn denote the pdf of Xy. Then, the following
inequality holds:

Exnp,2~py [‘X_*ﬂ% < O( Al- )




Bayesian update in our setting

@ Relaxed assumptions on noises.

For every t = 1,2,..., the i.i.d. noise vector w; satisfies the following
properties:

© The probability density function (pdf) of noise pw(-) is known, smooth and twice
differentiable. Additionally, the following inequalities hold:

ml 2 —V3, log pu(wt) < Ml
m,y m > 0;

@ E[w:] = 0 and E[wsw," | = W, where W is positive definite;

@ Note the system equation can be expressed as
T
Xt4+1 — @ Zy = Wt ~ Pw,

where z; := (x¢, ut) € R,
@ Therefore,

p(0]het1) o< p(xes|ze, 0)p(0]he)
= Pw(Xt+1 - eTZt|Zt7 O)P(9|ht)

preserves log-concavity.



Preconditioned ULA

By change of variable via

t—1

Pe:= M + > blkdiag{z:z }]s,

s=1

preconditioned ULA is defined as
Oir1 = 0; — 1P IV Ue(6;) + 1/ 29P W,

m)\min,f
~ 16 M2 max{Amin,t, t}’
N, = 4log, (max{ Amin,t, t“}/)\min,t)7
my:

for




Preconditioned ULA vs Naive ULA

For potential up to time t,

_1 _1
m = P 2VAU(O)P, 2 < M,
where m = min{m, 1}, M = max{m, 1}, P = A, + Z;;ll blkdiag({zsz }7_1)
and the potential of the posterior U:(6) = — log p(6|h:) where U, satisfies
VUi () = M, for some X > 0.

o Stepsize
)\min m)\min

N 0 16M2 max{Amn, t}

@ Step iteration

)\max 2 vs 4 |0g2(max{)\min,t7 t}/Amin,t)
Amin m7y ’



Preconditioned ULA

By change of variable via

t—1

Pe:= My + Y _ blkdiag{zsz }{1,

s=1

preconditioned ULA is defined as
Oj41 = 0; — yPT'VU(;) + /27P~1W,

Theorem

For any t > 0 and trajectory (zs)s>1, the actual posterior y; and the
approximate posterior [i: obtained by preconditioned ULA satisfy

E |6: — 5r|’5t ‘ ht] < D,

Op~pie, O~ i [
p

2
where D = 114% and D, = (%”) (22"+1 + 5") for p > 2. When p =2, we

further have
.- D
Eoimpe i [16e = &el" | he] 2 < \l max{ Amin,¢, t}

™7 i - = =

Nl=




Infusing noise for better exploration

o Basically, we use
us = KeXt

o (Persistence of excitation)A key question how to we ensure that

)\min ( Ut)

grows as t increases?
Our idea is to introduce noise injection.

Ty T,

t1=1 t3 =6

- N T
o~
N
I
w
N
- W -

<
=
T
¥

@ Noise injection
ur = Koxt + vt



Concentration of exact posterior t;

Proposition (Persistence of excitation)

Given A > 0 and k sufficiently large,

P
)‘mln k+1

1
IE{ ] < Chr
for some global constant C > 0 where Amin,k+1 denotes the smallest eigenvalue
of My + Et"“ ! zsz. where (zs)s>1 Is obtained via our main algorithm. In

fact, Amin.k is same as that of our preconditioner Py.

| »

Proposition

The true parameter 0, and the exact posterior p; obtained by the main
algorithm satisfies

p
E[Eo, [0 — 0.7he]] < c(f% J/iog t)

forallt > 1 and p > 0.

A\




Main result

We have the following result.

Theorem (K,Kim,Yang (2024))

The true parameter 0, and the approximate posterior [i: satisfy

P
E |E;j,.z [10: - 0*|p|ht]]§C(t7%s/logt)

for any p > 0.




Skecth of proof

Assuming everything is nice.

By Jensen's inequality,

E[ Ger~iie [|0t O+ |p|ht]:|

60 — 6.17| ]

7§t"/llt|:

E 2P*1E |:E9t~ﬂt»§r~ﬁt [|0t - ét‘p|ht]:| + 2P*1]E |:IE9tNHt

_ D _ 1 &
< 2°P IE{i”] +2° 1C<t M/Iogt)
B (\/ >\min,t)p

P
< C(F%\/Iog t) .

What we need is the concentration between exact posterior and true system
parameter, p: and 0. O

4




Bayesian regret

The informal statement is..

Theorem (K, Kim, Yang (2024))

By applying fairly random action, we can construct tractable prior.
Furthermore, the expected regret is given by O(ﬁ )
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Bayesian regret

More results with different noises.
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Figure: 3D (left) 5D (middle) 10D (right)
Time horizon T' 500 1000 1500 2000
Naive ULA 3.6 x 10° | 9.5 x 10° | 1.5 x 10° | 2.3 x 10°
Preconditioned ULA | 6.5 x 10% | 1.1 x 107 | 1.6 x 10% | 2.0 x 107

Figure: Stepiterations
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